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Abstract
In the name of supersymmetric double field theory, superstring effective actions can be reformu-
lated into simple forms. They feature a pair of vielbeins corresponding to the same spacetime met-
ric, and hence enjoy double local Lorentz symmetries. In a manifestly covariant manner—with re-
gard to O(D,D) T-duality, diffeomorphism, B-field gauge symmetry and the pair of local Lorentz
symmetries—we incorporate R-R potentials into double field theory. We take them as a single object
which is in a bi-fundamental spinorial representation of the double Lorentz groups. We identify coho-
mological structure relevant to the field strength. A priori, the R-R sector as well as all the fermions are
O(D,D) singlet. Yet, gauge fixing the two vielbeins equal to each other modifies the O(D,D) trans-
formation rule to call for a compensating local Lorentz rotation, such that the R-R potential may turn
into an O(D,D) spinor and T-duality can flip the chirality exchanging type IIA and IIB supergravities.
PACS: 04.60.Cf, 04.65.+e
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1 Introduction
Double field theory (DFT) [1–4] may reformulate closed string effective actions i.e. supergravities into
simple forms and manifest the O(D,D) T-duality which is a genuine stringy feature [5–9]. The manifes-
tation is achieved by doubling the spacetime dimension, from D to D +D with coordinates xµ → yA =
(x˜µ, x
ν), where the newly added coordinates x˜µ correspond to the T-dual coordinates for the closed string
winding mode [10–13].
In particular, as for the O(D,D) covariant description of the Neveu-Schwarz (NS) sector, DFT uses
(D +D)-dimensional language or tensors, equipped with an O(D,D) invariant constant metric,
JAB =

 0 1
1 0

 . (1.1)
Yet, DFT is not truly doubled since it is subject to a section condition (or “strong constraint” [3]): all
the fields are required to live on a D-dimensional null hyperplane, such that the O(D,D) d’Alembertian
1
operator must be trivial acting on arbitrary fields as well as their products,
∂A∂
AΦ ≃ 0 , ∂AΦ1∂AΦ2 ≃ 0 . (1.2)
The worldsheet origin of this constraint can be traced back to the closed string level-matching condition.
Further, DFT unifies the diffeomorphism and the B-field gauge symmetry into what we may call
‘double-gauge symmetry,’ as they are generated by the generalized Lie derivative [4, 13–16],
LˆXTA1···An := XB∂BTA1···An+ωT ∂BXBTA1···An+
n∑
i=1
(∂AiXB−∂BXAi)TA1···Ai−1BAi+1···An , (1.3)
where ωT is the weight of TA1···An and XA is the double-gauge symmetry parameter whose half compo-
nents are for the B-field gauge symmetry and the other half are for the diffeomorphism. Since Eq.(1.3)
differs from the ordinary Lie derivative, the underlying differential geometry of DFT is not Riemannian.
Namely, while doubling the spacetime dimension is sufficient to manifest the O(D,D) structure, the
double-gauge symmetry (1.3) calls for novel mathematical treatments, such as generalized geometry [15–
20], Siegel’s formalism [12, 13, 21] and our own approach [22–27] (see also [28] for a similar analysis,
[29–32] for M-theory extensions, and especially [33–36] for E11 approaches1).
Through the series of papers [22–26], we have developed a stringy differential geometry which man-
ifests, in a covariant manner, all the symmetries of DFT listed in Table 1. In particular, we conceived a
semi-covariant derivative for the NS-NS sector in [22, 23], extended it to the fermionic sector [24], and
managed to reformulate the N = 1D = 10 supergravity as a minimal supersymmetric double field theory
(SDFT) to the full order in fermions [25]. We have also applied our formalism to construct a double field
Yang-Mills theory [26].
• O(D,D) T-duality: Meta-symmetry
• Gauge symmetries
1. Double-gauge symmetry: Generalized Lie derivative
– Diffeomorphism
– B-field gauge symmetry
2. A pair of local Lorentz symmetries, Spin(1,D−1)L × Spin(D−1, 1)R
Table 1: T-duality and gauge symmetries in DFT.
1For recent developments related to DFT we refer to [37–60].
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In this paper, within the geometric setup [22–26], as a natural next step toward the construction of
N = 2 D = 10 SDFT which should reformulate the type IIA and IIB supergravities in a unified manner,
we incorporate Ramond-Ramond (R-R) sector into double field theory, manifesting the O(D,D)
structure. In an apparently covariant fashion, our formalism respects all the DFT symmetries listed in
Table 1, including Spin(1,D−1)L × Spin(D−1, 1)R the double local Lorentz symmetries. Further, our
formalism does not require any specific parametrization of the DFT variables (VAp, V¯Ap¯, etc.) in terms of
the metric gµν and the Kalb-Ramond B-field, and is independent of the choice of the D-dimensional null
hyperplane for the section condition (1.2), like ∂∂xµ ≃ 0 or ∂∂x˜µ ≃ 0.
Preceding related works include the papers by Fukuma, Oota and Tanaka [61], by Hassan [62–64], by
Berkovits and Howe [65], by Coimbra, Strickland-Constable and Waldram [19, 20], and by Hohm, Kwak
and Zwiebach [48, 49], where the R-R sector was treated as an O(D,D) spinor [48, 49, 61, 63] or as
a D-dimensional bi-spinor [19, 20, 62–65]. It was pointed out by Hassan that the O(D,D) transforma-
tions of the R-R sector in the two approaches are equivalent being compatible with the supersymmetry of
type IIA/IIB supergravities [63]. However, while the bi-spinorial R-R field is ready to couple naturally to
fermions for supersymmetry (e.g. the ‘democratic’ formalism [66–68] and a pure spinor approach [69]),
the O(D,D) spinorial R-R field appears rather awkward to do so.
In this work, we assert to put the R-R sector a priori in the bi-fundamental spinorial representation
of Spin(1,D−1)L × Spin(D−1, 1)R , rather than in the O(D,D) spinorial representation. One crucial
novel point in our work is that, compared to the precedents and contrary to the well-known proposition,
the R-R potential and the NS-R/R-NS fermions are a priori all O(D,D) singlet in our covariant DFT
formalism, such that the O(D,D) T-duality does not exchange type IIA and IIB supergravities! After
gauge fixing the double local Lorentz symmetries to be their diagonal subgroup, the O(D,D) transforma-
tion rule gets modified in order to preserve the gauge choice. Namely, the O(D,D) T-duality now rotates
not only the O(D,D) vector indices but also local Lorentz indices: more precisely, one of the double local
Lorentz indices which we choose below to be Spin(D−1, 1)R rather than Spin(1,D−1)L without loss
of generality. That is to say, the Spin(D−1, 1)R indices are no longer O(D,D) singlet after the gauge
fixing. In particular, the R-R potential and the NS-R fermion can flip their chiralities, resulting in the
exchange of type IIA and IIB supergravities. This essentially recovers the results by Hassan [62–64] (see
also e.g. [16, 70–75] for related recent progress). We also show that the diagonal gauge fixing may turn the
R-R potential into an O(D,D) spinor verifying the result by Hohm, Kwak and Zwiebach [48, 49].
A similar mechanism holds for Dirac fermions in ordinary quantum field theories on flat Minkowskian
spacetime. We may gauge the internal Lorentz symmetry by introducing a spin connection which is made
of a flat vielbein, and hence corresponds to a pure gauge. Then Dirac fermions are singlet for the global
spacetime Lorentz symmetry. However, gauge fixing the vielbein to be trivial breaks the local Lorentz
symmetry, and the fermions start to transform as a spacetime spinor under the global Lorentz symmetry.
Another analogous example is the metamorphosis of the spacetime fermion into a worldsheet spinor after
a gauge fixing of the kappa-symmetry in the Green-Schwarz superstring action.
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The main contents as well as the organization of the present paper are as follows.
We separate out the main body into two parts. Part I is genuinely ‘double-field-theoretical’ being
independent of the parametrization of the DFT variables in terms of the metric, gµν , and the Kalb-Ramond
field, Bµν . Part II deals with a specific parametrization and conveys the modified O(D,D) transformation
rule after the diagonal gauge fixing.
1. Part I: parametrization independent formalism where R-R sector is O(D,D) singlet.
• Section 2 contains our covariant DFT formalism especially for R-R sector. As for a unifying
description of all the R-R potentials, we consider a single bosonic object which is in a bi-
fundamental spinorial representation of the double local Lorentz groups. In particular, we
construct a pair of nilpotent differential operators which can act on the R-R potential and
define the field strength within the DFT formalism.
• In section 3, we spell out the bosonic part of the type II (or N = 2) supersymmetric double
field theory Lagrangian which corresponds to the DFT reformulation of the type II democratic
supergravity [66]. We derive the equations of motion and discuss the self-duality of the R-R
field strength.
2. Part II: specific parametrization and gauge fixing where R-R sector is O(D,D) non-singlet.
• In section 4, we parametrize the covariant DFT variables in terms of a pair of D-dimensional
vielbeins and a Kalb-Ramond B-field. We consider a diagonal gauge fixing of the double local
Lorentz symmetries, Spin(1,D−1)L × Spin(D−1, 1)R , by equating the two vielbeins. We
show that, after the gauge fixing, the O(D,D) transformation rule must be modified to call
for a compensating local Lorentz rotation. We verify that the gauge fixing may turn the R-R
potential into an O(D,D) spinor, and further that T-duality can flip the chiralities of the R-
R sector and the NS-R fermions. This manifestly realizes the exchange of type IIA and IIB
supergravities.
3. Section 5 contains our conclusion.
4. In Appendix, we review in a self-contained manner the stringy differential geometry of SDFT de-
veloped in [22–26]. We set our conventions, spell out all the O(D,D) covariant fundamental field
variables constituting type II SDFT, summarize various fully covariant quantities with respect to all
the symmetries in Table 1, and discuss the reduction to ordinary Riemannian geometry.
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2 R-R sector and Cohomology, before gauge fixing
2.1 R-R sector in SDFT
The NS-NS sector of SDFT consists of DFT-dilaton, d, and double-vielbeins, VAp, V¯Ap¯ [23–25].2 For the
R-R sector, we consider R-R potential, Cαα¯, which is – as the indices indicate – in the bi-fundamental
spinorial representation of the double local Lorentz group, Spin(1,D−1)L × Spin(D−1, 1)R (cf. [19,
63, 64]), while being double-gauge and O(D,D) singlet. More precisely, ‘fundamental’ with respect to
Spin(1,D−1)L, and ‘anti-fundamental’ with respect to Spin(D−1, 1)R , especially when the spinorial
indices are suppressed. However, the indices can be freely lowered or raised by the symmetric charge
conjugation matrices, C+αβ , C¯+α¯β¯ (A.2), and the distinction of being fundamental and anti-fundamental
is unimportant.
The R-R potential must satisfy a ‘chirality’ condition,
γ(D+1)Cγ¯(D+1) = ±C . (2.1)
Hereafter, the upper sign is for type IIA and the lower sign is for type IIB.
As for the differential operators of the R-R sector, we present a pair of covariant derivatives which can
be applied to any Spin(1,D−1)L × Spin(D−1, 1)R bi-fundamental field, T αβ¯ ,
D0+T := γAD0AT + γ(D+1)D0AT γ¯A , D0−T := γAD0AT − γ(D+1)D0AT γ¯A . (2.2)
Here the superscript ‘0’ indicates that the semi-covariant derivatives assume the torsionless connection (A.31).
We stress that, these differential operators are covariant with respect to all the symmetries of DFT listed in
Table 1. Further, as we show below in section 2.2, they are nilpotent, up to the section condition (1.2),
(D0+)2T ≃ 0 , (D0−)2T ≃ 0 , (2.3)
and hence, they define cohomology.
It is worth while to note
D0±(γ(D+1)T ) = −γ(D+1)D0∓T , D0±(T γ¯(D+1)) = (D0∓T )γ¯(D+1) . (2.4)
We define the R-R field strength using one of the nilpotent differential operators (2.2),
F := D0+C = γAD0AC + γ(D+1)D0ACγ¯A . (2.5)
2For the full field contents of type II SDFT, see Table 3 in Appendix.
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This quantity is also Spin(1,D−1)L × Spin(D−1, 1)R bi-fundamental, and from (2.4) it carries the
opposite chirality,
F = ∓γ(D+1)F γ¯(D+1) . (2.6)
Further, thanks to the nilpotency (2.3), the R-R gauge symmetry is simply realized by the same differential
operator,
δC = D0+∆ =⇒ δF = D0+(δC) = (D0+)2∆ ≃ 0 , (2.7)
where ∆αα¯ is an arbitrary gauge parameter which is in the Spin(1,D−1)L×Spin(D−1, 1)R bi-fundamental
representation and satisfies the same chirality condition as the field strength,
∆ = ∓γ(D+1)∆γ¯(D+1) . (2.8)
The R-R sector Lagrangian, LRR, in type II SDFT assumes a compact form:
LRR = −12e−2dFαα¯Fαα¯ . (2.9)
Under arbitrary variations of all the elementary bosonic DFT fields, VAp, V¯Ap¯, d and Cαα¯, the R-R sector
Lagrangian transforms, up to total derivatives (∼= ), from (A.51), (A.53), (A.54), (A.55), as
δLRR = δ(−12e−2dFαα¯Fαα¯)
∼= e−2d (δC − Cδd + 14V ApδVAqγpqC + 12 V¯ Ap¯δVAqγ(D+1)γqCγ¯p¯ − 14 V¯ Ap¯δV¯Aq¯Cγ¯p¯q¯)αα¯ (D0−F)αα¯
− 12e−2d V¯ Aq¯δVAp(γpγ(D+1)F γ¯ q¯)αα¯Fαα¯ .
(2.10)
It is remarkable that both the chiral part of δVAp and the anti-chiral part of δV¯Ap¯, as well as the variation
of the DFT-dilaton, commonly lead to nothing but the equation of motion for the R-R potential,3
D0−F = D0−D0+C = 0 . (2.11)
Nevertheless, as we continue to discuss below in section 3, an additional self-duality relation (3.7) needs
to be imposed on the R-R field strength.
3Similar phenomena occur in N = 1 SDFT with fermions, see Eq.(33) of Ref.[25]. The observation for the variation of the
DFT-dilaton was also made by David Geissbuhler [76].
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2.2 Cohomology
In this subsection, we show the nilpotency (2.3) of the differential operators, D0±, which are defined to act
on an arbitrary Spin(1,D−1)L × Spin(D−1, 1)R bi-fundamental spinorial field.
To sketch our proof, we set with (A.37) some notations,
Φ0A =
1
4Φ
0
Apqγ
pq = 14 (V
B
p∂AVBq + Γ
0
Apq)γ
pq ,
Φ¯0A =
1
4Φ¯
0
Ap¯q¯γ¯
p¯q¯ = 14 (V¯
B
p¯∂AV¯Bq¯ + Γ
0
Ap¯q¯)γ¯
p¯q¯ ,
F 0AB = ∂AΦ
0
B − ∂BΦ0A + [Φ0A,Φ0B ] = 14F 0ABpqγpq ,
F¯ 0AB = ∂AΦ¯
0
B − ∂BΦ¯0A +
[
Φ¯0A, Φ¯
0
B
]
= 14 F¯
0
ABp¯q¯γ¯
p¯q¯ .
(2.12)
Also, if no confusion arises, we may convert an O(D,D) vector index either to a Spin(1,D−1)L or to a
Spin(D−1, 1)R vector index via contraction with the double-vielbein, V Ap or V¯ Ap¯ respectively, such as
(A.63), (A.72).
Without loss of generality, for simplicity we consider an arbitrary bi-fundamental spinor, T αα¯, which
has zero weight. We begin with the expression,
(D0±)2T = D0AD0AT + 12γAB [D0A,D0B ]T − 12 [D0A,D0B ]T γ¯AB ∓ γ(D+1)γA [D0A,D0B ]T γ¯B , (2.13)
into which we need to substitute
[D0A,D0B ]T = −Γ0CABD0CT + F 0ABT − T F¯ 0AB
= −Γ0CAB∂CT + (F 0AB − Γ0CABΦ0C)T − T (F¯ 0AB − Γ0CABΦ¯0C) ,
(2.14)
and
D0AD0AT ≃ (∂AΦ0A − Φ0AΦ0A + Γ0AABΦ0B)T − T (∂AΦ¯0A + Φ¯0AΦ¯0A + Γ0AABΦ¯0B)
+ 2Φ0AT Φ¯0A + 2Φ0AD0AT − 2D0AT Φ¯0A .
(2.15)
The first three terms on the right hand side of the equality in (2.13) then give
D0AD0AT + 12γAB [D0A,D0B ] T − 12 [D0A,D0B ] T γ¯AB
≃
[
∂AΦ
0A +Φ0AΦ
0A + 12γ
ABF 0AB +
(
Γ0BBA − 12Γ0Apqγpq
)
Φ0A
]
T
− T [∂AΦ¯0A − Φ¯0AΦ¯0A − 12 F¯ 0AB γ¯AB + Φ¯0A (Γ0BBA + 12Γ0Ap¯q¯γ¯p¯q¯)]
− 2Φ0AT Φ¯0A − 12
(
F 0p¯q¯ − Γ0Cp¯q¯Φ0C
)T γ¯p¯q¯ − 12γpqT (F¯ 0pq − Γ0CpqΦ¯0C) .
(2.16)
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Due to the following identities which can be shown by brute force computation,
∂AΦ
0A +Φ0AΦ
0A + 12γ
ABF 0AB +
(
Γ0BBA − 12Γ0Apqγpq
)
Φ0A ≃ −14S0ABCDPACPBD ,
∂AΦ¯
0A − Φ¯0AΦ¯0A − 12 F¯ 0AB γ¯AB + Φ¯0A
(
Γ0B
BA + 12Γ
0A
p¯q¯γ¯
p¯q¯
) ≃ +14S0ABCDP¯ACP¯BD ,
(2.17)
the first two lines of the right hand side of (2.16) get simplified, and in fact from (A.73), they vanish,
[
∂AΦ
0A +Φ0AΦ
0A + 12γ
ABF 0AB +
(
Γ0BBA − 12Γ0Apqγpq
)
Φ0A
]
T
− T [∂AΦ¯0A − Φ¯0AΦ¯0A − 12 F¯ 0ABγ¯AB + Φ¯0A (Γ0BBA + 12Γ0Ap¯q¯γ¯p¯q¯)]
≃ −14(PACPBD + P¯ACP¯BD)S0ABCDT
≃ 0 .
(2.18)
Further, from (A.49), we have
F 0p¯q¯pq + F¯
0
pqp¯q¯ = 2S
0
pqp¯q¯ + Γ
0C
pqΓ
0
Cp¯q¯ ≃ Γ0CpqΓ0Cp¯q¯ . (2.19)
Consequently, with (2.19), the remaining terms of the right hand side of (2.16) vanish too,
Φ0AT Φ¯0A + 14
(
F 0p¯q¯ − Γ0Cp¯q¯Φ0C
) T γ¯p¯q¯ + 14γpqT (F¯ 0pq − Γ0CpqΦ¯0C)
≃ 116
(
F 0p¯q¯pq + F¯
0
pqp¯q¯ +Φ
0A
pqΦ¯
0
Ap¯q¯ − Γ0ApqΦ¯0Ap¯q¯ − Φ0ApqΓ0Ap¯q¯
)
γpqT γ¯p¯q¯
≃ 116
(
F 0p¯q¯pq + F¯
0
pqp¯q¯ − Γ0ApqΓ0Ap¯q¯
)
γpqT γ¯p¯q¯
≃ 18S0pqp¯q¯γpqT γ¯p¯q¯
≃ 0 .
(2.20)
Thus, (2.16) vanishes completely.
Finally, in order to see the last term in (2.13) vanish, we need identities coming from (A.38), (A.40),
F 0pq¯rs − Γ0Cpq¯Γ0Crs = 2S0pq¯rs , F¯ 0pq¯r¯s¯ − Γ0Cpq¯Γ0Cr¯s¯ = 2S0pq¯r¯s¯ , (2.21)
from (A.36),
Γ0Cpq¯Φ
0
Crs ≃ Γ0Cpq¯Γ0Crs , Γ0Cpq¯Φ¯0Cr¯s¯ ≃ Γ0Cpq¯Γ0Cr¯s¯ , (2.22)
and from the Bianchi identity (A.49),
S0pq¯rsγ
pγrs = 2PABS0Aq¯Bsγ
s , S0pq¯r¯s¯γ¯
r¯s¯γ¯ q¯ = 2P¯ABS0ApBs¯γ¯
s¯ . (2.23)
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Thanks to these identities, the last term in (2.13) gets simplified, and eventually, with the second identity
in (A.49), it vanishes,
γA [D0A,D0B ] T γ¯B ≃ 14γp
[(
F 0pq¯rs − Γ0Apq¯Γ0Ars
)
γrsT − T γ r¯s¯ (F¯ 0pq¯r¯s¯ − Γ0Apq¯Γ0Ar¯s¯)] γ¯ q¯
≃ 12γp
[
S0pq¯rsγ
rsT − T γ r¯s¯S0pq¯r¯s¯
]
γ¯ q¯
≃ (PAB − P¯AB)S0ApBq¯γpT γ¯ q¯
≃ 0 .
(2.24)
This completes our proof of the nilpotency.
In a similar fashion, the following operators,
D˜0+T := γAD0AT γ¯(D+1) +D0AT γ¯A , D˜0−T := γAD0AT γ¯(D+1) −D0AT γ¯A , (2.25)
can be also shown to be nilpotent,
(D˜0+)2 ≃ 0 , (D˜0+)2 ≃ 0 . (2.26)
However, in this work, our main interest lies in the R-R potential, Cαα¯, which is a bi-fundamental spinor
satisfying the chirality condition, C = ±γ(D+1)Cγ¯(D+1) (2.1). We have then
D˜0+C =
(D0∓C) γ¯(D+1) , D˜0−C = (D0±C) γ¯(D+1) . (2.27)
Therefore, the differential operators become degenerate. For this reason, in this paper we focus on the
operators, D0± (2.2).
3 Type II Democratic Double Field Theory
Combining the NS-NS sector DFT Lagrangian (A.75) [23, 25] and the R-R sector DFT Lagrangian (2.9),
we are able to spell out the bosonic part of type II or N = 2 SDFT Lagrangian,
LType II = LNSNS + LRR = e−2d
[
1
8 (P
ABPCD − P¯ABP¯CD)S0ACBD − 12Tr(FF¯ )
]
, (3.1)
where F¯ α¯α denotes the charge conjugation,
F¯ := C¯−1+ FTC+ , (3.2)
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and the trace is over the Spin(1,D−1)L spinorial index, such that Tr(FF¯) = Fαα¯Fαα¯.
Under arbitrary variations of all the bosonic fields, from (2.10), (A.44), (A.54), the Lagrangian trans-
forms, up to total derivatives (∼= ), as
δLType II
∼= −14e−2dδd
(
PABPCD − P¯ABP¯CD)S0ACBD
+ 12e
−2dV¯Aq¯δV Ap
[
S0pq¯ − Tr(γpγ(D+1)F γ¯q¯F¯)
]
+ e−2dTr
[(
δC − Cδd+ 14V ApδVAqγpqC + 12 V¯ Ap¯δVAqγ(D+1)γqCγ¯p¯ − 14 V¯ Ap¯δV¯Aq¯Cγ¯p¯q¯
)D0−F
]
,
(3.3)
where like (3.2), D0−F = C¯−1+ (D0−F)TC+. The equations of motion are then as follows.
• For the DFT-dilaton, d, (
PABPCD − P¯ABP¯CD)S0ACBD = 0 . (3.4)
Namely the NS-NS Lagrangian vanishes on-shell, LNSNS = 0.
• For the double-vielbein, VAp, V¯Ap¯, we have the DFT generalization of the Einstein equation,
S0pq¯ −Tr(γpγ(D+1)F γ¯q¯F¯) = 0 . (3.5)
• For the R-R potential, Cαα¯, the equation of motion is, as anticipated in (2.11),
D0−F = D0−D0+C = 0 . (3.6)
However, the above type II democratic DFT Lagrangian (3.1) is supposed to be pseudo [66]: an
additional self-duality relation needs to be imposed on the R-R field strength by hand,
F = γ(D+1)F = ∓F γ¯(D+1) : Self-Duality . (3.7)
In Eq.(3.7), the second equality holds due to the first one and the chirality (2.6). From (A.69), it is clear
that the self-duality (3.7) ensures the equation of motion (3.6) to hold,
D0−F = D0−
(
γ(D+1)F
)
= −γ(D+1)D0+F = −γ(D+1)(D0+)2C ≃ 0 . (3.8)
Further, since C+γ(D+1) is anti-symmetric, the self-duality implies that the R-R sector Lagrangian van-
ishes too,
LRR = −12e−2dTr(FF¯) = −12e−2dTr(γ(D+1)FF¯) = 0 . (3.9)
Therefore, with (3.4), the whole Lagrangian (3.1) vanishes on-shell, LType II = 0, up to the self-duality.
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4 Parametrization and Gauge Fixing
In this section, taking specific parametrization of the double-vielbein and an O(D,D) element, we con-
sider a diagonal gauge fixing of the double local Lorentz symmetries. We discuss the consequent modifi-
cation of the O(D,D) transformation rule and the flipping of the chirality of the theory. We further show
that the gauge fixing may map the R-R potential to an O(D,D) spinor. We refer readers to Appendix A.4
both for the explicit parametrization of the double-vielbein we are taking and for a self-contained review
of Refs.[23, 24] on the reduction to Riemannian geometry in D dimension.
4.1 Parametrization of the O(D,D) rotation
We parametrize a generic O(D,D) group element,
MA
B =

 a
µ
ν b
µσ
cρν dρ
σ

 . (4.1)
The definition of the O(D,D) group,
MA
BMC
DJBD = JAC , JAB =

 0 1
1 0

 , (4.2)
implies then
abt + bat = 0 , cdt + dct = 0 , adt + bct = 1 . (4.3)
From the vectorial O(D,D) transformation rule of the double-vielbein,
VAp −→ MABVBp , V¯Ap¯ −→ MABV¯Bp¯ , (4.4)
the parametrization of the double-vielbein (A.76) gives
e−1 −→ e−1 [at + (g −B)bt] , e¯−1 −→ e¯−1 [at − (g +B)bt] , (4.5)
such that
(e−1e¯)pp¯ −→ Lpq(e−1e¯)qp¯ , (e¯−1e)p¯p −→ L¯p¯q¯(e¯−1e)q¯p , (4.6)
where we set
L = e−1
[
at + (g −B)bt] [at − (g +B)bt]−1 e , L¯ = (e¯−1e)L−1(e−1e¯) . (4.7)
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From the considerations that (e−1e¯)pp¯ and (e¯−1e)p¯p themselves are local Lorentz transformations and that
this property must be preserved under O(D,D) T-duality rotation, or alternatively from direct verification
using (4.3), a crucial property of L and L¯ follows: they correspond to local Lorentz transformations,
Lp
rLq
sηrs = ηpq , L¯p¯
r¯L¯q¯
s¯η¯r¯s¯ = η¯p¯q¯ . (4.8)
Even-dimensional irreducible gamma matrices are unique up to similarity transformations, essentially
due to Schur’s lemma. This implies, for (4.8), (A.1), (A.79), that there must be similarity transformations,
Se satisfying
γ¯p¯(e¯−1e)p¯p = S−1e (γ(D+1)γp)Se , γ(D+1)γp(e−1e¯)pp¯ = Seγ¯p¯S−1e , (4.9)
and SL, SL¯ satisfying
γqLq
p = S−1L γ
pSL , γ¯
q¯L¯q¯
p¯ = S−1
L¯
γ¯p¯SL¯ . (4.10)
From (4.10), (A.4), we obtain
γ(D+1)SL = det(L)SLγ
(D+1) , γ¯(D+1)SL¯ = det(L¯)SL¯γ¯
(D+1) , (4.11)
where from (4.7),
det(L) = det(L¯)−1 =
det [a+ b(g +B)]
det [a− b(g −B)] , (4.12)
of which the value must be either +1 or −1, since L and L¯ are local Lorentz transformations. Thus, if
det(L¯) = +1, SL¯ commutes with γ¯(D+1). Otherwise i.e. det(L¯) = −1, they anti-commute [24].
In fact, using (4.11), one can show that SL and SL¯ are related by
SL¯ =


S−1e S
−1
L Se for det(L¯) = +1
S−1e γ(D+1)S
−1
L Se for det(L¯) = −1 .
(4.13)
For later use, we also parametrize an element of so(D,D) Lie algebra: we set a 2D × 2D skew-
symmetric matrix,
hAB = −hBA =

 α
µσ −(βt)µρ
βν
σ γνρ

 =

 −α
σµ −βρµ
βν
σ −γρν

 , (4.14)
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where αµν and γµν are arbitrary D ×D skew-symmetric matrices, while βµν is a generic D ×D matrix.
From MAB ≈ δAB + hAB for (4.1), we obtain
Lp
q ≈ δpq + τpq , τ = −2e−1gαe ,
L¯p¯
q¯ ≈ δp¯q¯ + τ¯p¯q¯ , τ¯ = +2e¯−1gαe¯ ,
(4.15)
and hence, from (4.10),
SL ≈ 1− 14τpqγpq , SL¯ ≈ 1− 14 τ¯p¯q¯γ¯p¯q¯ . (4.16)
4.2 Diagonal gauge fixing and modified O(D,D) transformation rule
Henceforth, we consider a gauge fixing of the local Lorentz symmetries by setting
eµ
p ≡ e¯µp¯ . (4.17)
This gauge fixing breaks the double local Lorentz symmetry groups, Spin(1,D−1)L × Spin(D−1, 1)R ,
to its diagonal subgroup, Spin(1,D−1)D , which acts on the unbarred Spin(1,D−1)L and the barred
Spin(D−1, 1)R indices simultaneously, reducing SDFT to ordinary supergravity [25].
Moreover, from (4.5), the above diagonal gauge is incompatible with the vectorial O(D,D) transfor-
mation rule of the double-vielbein (4.4) [23, 24]. In order to preserve the diagonal gauge, it is necessary
to modify the O(D,D) transformation rule: the O(D,D) rotation must accompany a compensating local
Lorentz transformation. In Table 2, we present our modified O(D,D) T-duality transformation rule. It
contains a compensating Pin(D−1, 1)R local Lorentz rotation given by L¯q¯ p¯ (4.7) and SL¯α¯β¯ (4.10), which
depend on both the O(D,D) element, M (4.1), and the NS-NS backgrounds, gµν , Bµν ,
L¯ = e¯−1
[
at − (g +B)bt] [at + (g −B)bt]−1 e¯ , γ¯ q¯L¯q¯ p¯ = S−1L¯ γ¯p¯SL¯ . (4.18)
The modified O(D,D) T-duality transformation rule implies, in particular,
F −→ FS−1
L¯
. (4.19)
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d −→ d
VA
p −→ MAB VBp
V¯A
p¯ −→ MAB V¯Bq¯ L¯q¯ p¯
C −→ CS−1
L¯
ρ −→ ρ
ρ′ −→ SL¯ρ′
ψp¯ −→ (L¯−1)p¯q¯ ψq¯
ψ′p −→ SL¯ψ′p
(4.20)
Table 2: Modified O(D,D) T-duality transformation rule, after the diagonal gauge fixing (4.17). It con-
tains an induced Pin(D−1, 1)R local Lorentz rotation (4.18) (cf. [62–64] and also [73–75]).
Clearly, from (4.11), if and only if det(L¯) = −1, the modified O(D,D) rotation flips the chirality of
the R-R potential (2.1) as well as those of the primed fermions, ρ′, ψ′p (A.10), since
γ(D+1)Cγ¯(D+1) = ±C −→ γ(D+1)(CS−1
L¯
)γ¯(D+1) = ± det(L¯)(CS−1
L¯
) ,
γ¯(D+1)ψ′p = ±ψ′p −→ γ¯(D+1)(SL¯ψ′p) = ± det(L¯)(SL¯ψ′p) ,
γ¯(D+1)ρ′ = ∓ρ′ −→ γ¯(D+1)(SL¯ρ′) = ∓ det(L¯)(SL¯ρ′) .
(4.21)
Thus, the mechanism above naturally realizes the exchange of type IIA and IIB supergravities under
O(D,D) T-duality within DFT setup, as anticipated in [24].4 For example, on a flat background (g = η,
B = 0), we may set both a and bg to be diagonal with the eigenvalues, either zero or one, in an exclu-
sive manner such that a + bg = 1. This choice corresponds to the usual discrete T-duality along toroidal
directions. In this case, we get det(L¯) = (−1)♯a where ♯a counts the number of zero eigenvalues in the
matrix, a, and hence the number of toroidal directions on which T-duality is performed. Thus, our formula
is consistent with the well-known knowledge that performing odd number of T-duality on flat backgrounds
4While our analysis of the chirality change is technically based on our earlier work on DFT fermions [24], novel contributions
of the present paper include its generalization to R-R sector and the realization that the diagonal gauge fixing inevitably calls for
the modification of the O(D,D) transformation rule.
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exchanges type IIA and IIB superstrings.
It is also worth while to note that, since the compensating local Lorentz rotation (4.18) explicitly de-
pends on the parametrization of the double-vielbein in terms of gµν and Bµν , it appears impossible to
impose the modified O(D,D) transformation rule, Table 2, from the beginning in the parametrization-
independent covariant formalism.
For later use, we write down the modified infinitesimal so(D,D) transformation rule,
δˆhd = 0 , δˆhC = 14 τ¯p¯q¯Cγ¯p¯q¯ ,
δˆhVA
p = hA
BVB
p , δˆhV¯A
p¯ = hA
B V¯B
p¯ + V¯A
q¯ τ¯q¯
p¯ ,
δˆhρ = 0 , δˆhρ
′ = −14 τ¯p¯q¯γ¯p¯q¯ρ′ ,
δˆhψp¯ = −τ¯p¯q¯ψq¯ , δˆhψ′p = −14 τ¯p¯q¯γ¯p¯q¯ψ′p ,
(4.22)
and
δˆheµ
p = (βµ
ν −Bµραρν + gµραρν)eνp ,
δˆhe¯µ
p¯ = (βµ
ν −Bµραρν + gµραρν)e¯ν p¯ ,
δˆhBµν = γµν − 2β[µρBν]ρ − gµραρσgσν −BµραρσBσν ,
δˆhφ =
1
2(βµ
µ −Bµραρµ) ,
(4.23)
where we put, δˆh = δh − yAhAB∂B for our short hand notation: δh is the actual transformation and the
derivative, yAhAB∂B , is for the transformation of the coordinates, δhyA = yBhBA.
4.3 Mapping the R-R potential to an O(D,D) spinor
In this subsection, we show that after the diagonal gauge fixing (4.17), the modified O(D,D) transfor-
mation rule of the R-R potential in Table 2 actually implies that the Spin(1,D−1)L × Spin(D−1, 1)R
bi-fundamental R-R potential can be mapped to an O(D,D) spinor.
With the gauge fixing, eµp ≡ e¯µp¯ (4.17), from (4.7), (4.15), we have
L¯ ≡ L−1 , τpq ≡ −τ¯p¯q¯ . (4.24)
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Further, we may set
ηpq ≡ −η¯p¯q¯ , γ¯p¯ ≡ γ(D+1)γp , C+αβ ≡ C¯+α¯β¯ , (4.25)
such that, from (A.4), (A.86),
γ¯(D+1) ≡ −γ(D+1) , τpqγpq ≡ −τ¯p¯q¯γ¯p¯q¯ , ωµpq ≡ ω¯µp¯q¯ , ωµpqγpq ≡ ω¯µp¯q¯γ¯p¯q¯ . (4.26)
As the diagonal gauge fixing tends to eliminate the distinction of the two local Lorentz groups, we
may expand the R-R potential by one sort of gamma matrices, as in the democratic formulation of the R-R
sector [66–68],
C ≡ (12)D+24 ∑′p 1p! Ca1a2···apγa1a2···ap . (4.27)
where
∑′
p denotes the odd p sum for type IIA and even p sum for type IIB.
Consequently the field strength reads
F = D0+C ≡
(
1
2
)D
4
∑′
p
1
(p+1)! Fa1a2···ap+1γa1a2···ap+1 , (4.28)
where, up to the section choice (A.83), with Dµ ≡ ▽µ + ωµ from (A.84),
Fa1a2···ap ≃ p
(
D[a1Ca2···ap] − ∂[a1φ Ca2···ap]
)
+ p!3!(p−3)! H[a1a2a3Ca4···ap] . (4.29)
Similarly we also obtain
D0−C ≃
∑′
p
1
(p−1)!
(
DbCba1···ap−1 − ∂bφ Cba1···ap−1 − 13!HbcdCbcda1···ap−1
)
γa1···ap−1 . (4.30)
That is to say, the pair of nilpotent differential operators, D0+ and D0−, reduce to an exterior derivative and
its dual derivative respectively,
D0+ =⇒ d + (H − dφ) ∧ ,
D0− =⇒ ∗ [ d + (H − dφ) ∧ ] ∗ .
(4.31)
The R-R sector Lagrangian (2.9) assumes the standard form now,
LRR = −12e−2dTr(FF¯ ) ≡ −12e−2d
∑′
p
1
(p+1)!Fa1a2···ap+1Fa1a2···ap+1 . (4.32)
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And the infinitesimal so(D,D) transformation of the R-R potential (4.22),
δˆhC = 14 τ¯a¯b¯Cγ¯a¯b¯ ≡ −14τabCγab , (4.33)
gives the transformation of each p-form potential,
δˆhCa1···ap = −14τ[a1a2Ca3···ap] + 12pτ[a1bC|b|a2···ap] + 14τ bcCbca1···ap . (4.34)
We continue to consider a formal sum of the p-forms,
Cˆ :=∑′p 1p! Cµ1···µpdxµ1 ∧ · · · ∧ dxµp , Cµ1···µp = eµ1a1 · · · eµpapCa1···ap , (4.35)
and perform a field redefinition of the formal sum,
Aˆ := e−φeB ∧ Cˆ . (4.36)
From its expansion,
Aˆ =∑′p 1p! Aµ1···µpdxµ1 ∧ · · · ∧ dxµp , (4.37)
we finally define an O(D,D) spinor,
|A〉 :=∑′p 1p! Aµ1µ2···µp
(
1√
2
Γµ1
)(
1√
2
Γµ2
)
· · ·
(
1√
2
Γµp
)
|0〉 . (4.38)
Here 1√
2
Γµ’s are the normalized creation gamma matrices [48, 49, 61]. Together with the normalized
annihilation gamma matrices, 1√
2
Γµ, they form O(D,D) Clifford algebra,
ΓA = (Γµ,Γ
ν) , ΓAΓB + ΓBΓA = 2J AB . (4.39)
The annihilation gamma matrices annihilate the vacuum, Γµ|0〉 = 0. It is worth while to note that,
unlike the D-dimensional gamma matrices satisfying γµ = γp(e−1)pµ, the O(D,D) gamma matrices,
ΓA = (Γµ,Γ
ν), are all constant.
From (4.23), (4.34), the infinitesimal so(D,D) transformation of the p-form, Aµ1···µp , follows
δˆAµ1···µp = −12βλλAµ1···µp + p(p−1)2 γ[µ1µ2Aµ3···µp] + pβ[µ1νA|ν|µ2···µp] − 12ανλAνλµ1···µp . (4.40)
It is straightforward to check that, this result is equivalent to the so(D,D) transformation of the O(D,D)
spinor (4.38),
δˆh|A〉 = 14hABΓAB|A〉 , (4.41)
establishing the desired result,
δˆhC = 14 τ¯a¯b¯Cγ¯a¯b¯ ⇐⇒ δˆh|A〉 = 14hABΓAB|A〉 . (4.42)
This completes our proof.
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5 Conclusion
In this work, we have incorporated the R-R sector into double field theory in a manifestly covariant man-
ner, with respect to O(D,D) T-duality, double-gauge symmetry and the pair of local Lorentz symmetries,
Spin(1,D−1)L × Spin(D−1, 1)R . We put the R-R sector in the bi-fundamental spinorial representation
of the double Lorentz groups, and constructed a pair of nilpotent differential operators, (2.2): one for the
field strength (2.5) and other for the equation of motion (2.11).
We have spelled out the bosonic part of the type II supersymmetric double field theory Lagrangian
(3.1). We presented the equations of motion (3.4), (3.5), (3.6), and analyzed the self-duality of the field
strength (3.7) .
A priori, in the parametrization independent covariant formalism (section 2 and Appendix A), the R-R
sector and all the fermions are O(D,D) singlet. Yet, after gauge fixing the two vielbeins equal to each
other breaks the double local Lorentz groups to the diagonal subgroup,
Spin(1,D−1)L × Spin(D−1, 1)R → Spin(1,D−1)D . (5.1)
Further, it modifies the O(D,D) transformation rule to call for a compensating Pin(D−1, 1)R rotation,
(4.18), which flips the chirality of the theory, if and only if det(L¯) = −1 (4.12), resulting in the exchange
of type IIA and IIB supergravities. The modified so(D,D) transformation rule of the R-R potential can be
mapped to an so(D,D) rotation of a corresponding O(D,D) spinor (4.38), (4.42).
We emphasize that, the equivalence (4.42) between the double Lorentz bi-fundamental treatment of the
R-R sector, Cαα¯, and the O(D,D) spinorial treatment of it, |A〉, holds only after taking the diagonal gauge
fixing (4.17). The parametrization independent covariant formalism (section 2 and Appendix A) appears
to prefer the former approach. As mentioned ahead, while the former may couple to fermions naturally, the
latter appears rather awkward to do so. The N = 2 supersymmetrization of the Lagrangian (3.1) remains
as a future work [77].
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A Review: Stringy Differential Geometry for covariant SDFT
A.1 Fundamental field variables and conventions
In Table 3, we spell out all the fundamental field variables which constitute type II (or N = 2 ) SDFT. In
Table 4, we summarize our conventions for indices and metrics which are being used for each representa-
tion of the symmetries in Table 1.
• Bosons
– NS-NS sector


DFT-dilaton: d
Double-vielbeins: VAp , V¯Ap¯
– R-R potential: Cαα¯
• Fermions
– DFT-dilatinos: ρα , ρ′α¯
– Gravitinos: ψαp¯ , ψ′α¯p
Table 3: Fundamental field variables in type II SDFT
Index Representation Metric
A,B, · · · O(D,D) & double-gauge vector JAB in Eq.(1.1)
p, q, · · · Spin(1,D−1)L vector ηpq = diag(− ++ · · ·+)
α, β, · · · Spin(1,D−1)L spinor C+αβ in Eq.(A.2)
p¯, q¯, · · · Spin(D−1, 1)R vector η¯p¯q¯ = diag(+ −− · · · −)
α¯, β¯, · · · Spin(D−1, 1)R spinor C¯+α¯β¯ in Eq.(A.2)
Table 4: Indices used for each symmetry representation and the relevant metrics that raise or lower the
positions of them. A priori, O(D,D) rotates only the double-gauge vector indices (capital Roman). All
the metrics have been chosen to be symmetric in this paper, cf. [24, 25].
Throughout the paper we focus on evenD-dimensional Minkowskian spacetime which admits Majorana-
Weyl spinors, and hence D ≡ 2 mod 8, or simply D = 10 for the critical superstring theory.
19
For the two Minkowskian metrics, ηpq and η¯p¯q¯, we introduce separately the corresponding real gamma
matrices: (γp)αβ and (γ¯p¯)α¯β¯ satisfying
γp = (γp)∗ , γpγq + γqγp = 2ηpq ,
γ¯p¯ = (γ¯p¯)∗ , γ¯p¯γ¯ q¯ + γ¯ q¯γ¯p¯ = 2η¯p¯q¯ .
(A.1)
Their charge conjugation matrices, C±αβ and C¯±α¯β¯ , meet
(C+γ
p1p2···pn)αβ = (−1)n(n−1)/2(C+γp1p2···pn)βα ,
(C¯+γ¯
p¯1p¯2···p¯n)α¯β¯ = (−1)n(n−1)/2(C¯+γ¯p¯1p¯2···p¯n)β¯α¯ ,
(A.2)
and define the charge-conjugated spinors,5
ψ¯p¯α = ψ
β
p¯ C+βα , ρ¯α = ρ
βC+βα ,
ψ¯′pα¯ = ψ
′β¯
p C¯+β¯α¯ , ρ¯
′¯
α = ρ
′β¯C¯+β¯α¯ .
(A.3)
We also set, in order to specify the chirality of the Weyl spinors,
γ(D+1) := γ012···D−1 , γ¯(D+1) := γ¯012···D−1 , (A.4)
which satisfy
γpγ(D+1) + γ(D+1)γp = 0 ,
(
γ(D+1)
)2
= 1 ,
γ¯p¯γ¯(D+1) + γ¯(D+1)γ¯p¯ = 0 ,
(
γ¯(D+1)
)2
= 1 .
(A.5)
5In this work, we have changed our convention in the definition of the charge-conjugation from the previous works [24, 25],
such that we employ not the anti-symmetric charge conjugation matrices, C−αβ = −C−βα and C¯−α¯β¯ = −C¯−β¯α¯ but the
symmetric charge conjugation matrices, C+αβ = C+βα and C¯+α¯β¯ = C¯+β¯α¯ (A.3), in order to reduce the number of minus signs
appearing in the actual computations. They are related by
C− = C+γ
(D+1) , C¯− = C¯+γ¯
(D+1) .
The anti-symmetric charge conjugation matrices satisfy
(C−γ
p1p2···pn)αβ = −(−1)
n(n+1)/2(C−γ
p1p2···pn)βα ,
(C¯−γ¯
p¯1p¯2···p¯n)α¯β¯ = −(−1)
n(n+1)/2(C¯−γ¯
p¯1p¯2···p¯n)β¯α¯ .
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Specifically, the type II SDFT field variables in Table 3 satisfy the following properties.
• The DFT-dilaton gives rise to a scalar density with weight one,
e−2d . (A.6)
• The double-vielbeins satisfy the defining properties [23]:
VApV
A
q = ηpq , V¯Ap¯V¯
A
q¯ = η¯p¯q¯ ,
VApV¯
A
q¯ = 0 , VApVB
p + V¯Ap¯V¯B
p¯ = JAB .
(A.7)
• The R-R potential, Cαα¯, is in the bi-fundamental spinorial representation of the local Lorentz group,
Spin(1,D−1)L × Spin(D−1, 1)R , and satisfies a ‘chirality’ condition,
γ(D+1)Cγ¯(D+1) = ±C . (A.8)
The upper sign is for type IIA and the lower sign is for type IIB.
• The unprimed fermions (R-NS), ψ αp¯ , ρα, are set to be Majorana-Weyl spinors of the fixed chiralities,
γ(D+1)ψp¯ = +ψp¯ , γ
(D+1)ρ = −ρ , (A.9)
while the primed fermions (NS-R), ψ′α¯p , ρ′α¯, are Majorana-Weyl spinors of a definite yet unfixed
chirality,
γ¯(D+1)ψ′p = ±ψ′p , γ¯(D+1)ρ′ = ∓ρ′ . (A.10)
Again, the upper sign is for type IIA and the lower sign is for type IIB. This somewhat uncon-
ventional IIA/IIB identification, compared with (A.9), is due to the opposite signatures of the D-
dimensional metrics, η and η¯, we have chosen in Table 4.
The double-vielbeins then generate a pair of rank-two projections [22],
PAB := VA
pVBp , PA
BPB
C = PA
C ,
P¯AB := V¯A
p¯V¯Bp¯ , P¯A
BP¯B
C = P¯A
C ,
(A.11)
and further a pair of rank-six projections [23],
PCABDEF := PCDP[A[EPB]F ] + 2D−1PC[APB][EPF ]D , PCABDEFPDEFGHI = PCABGHI ,
P¯CABDEF := P¯CDP¯[A[EP¯B]F ] + 2D−1 P¯C[AP¯B][EP¯F ]D , P¯CABDEF P¯DEFGHI = P¯CABGHI .
(A.12)
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The rank-two projections are symmetric, orthogonal and complementary to each other,
PAB = PBA , P¯AB = P¯BA , PA
BP¯B
C = 0 , PA
B + P¯A
B = δA
B , (A.13)
satisfying
PA
BVBp = VAp , P¯A
BV¯Bp¯ = V¯Ap¯ , P¯A
BVBp = 0 , PA
BV¯Bp¯ = 0 . (A.14)
The rank-six projections are symmetric and traceless,
PCABDEF = PDEFCAB = PC[AB]D[EF ] , P¯CABDEF = P¯DEFCAB = P¯C[AB]D[EF ] ,
PAABDEF = 0 , PABPABCDEF = 0 , P¯AABDEF = 0 , P¯ABP¯ABCDEF = 0 .
(A.15)
For simplicity, we let
ψA := V¯A
p¯ψp¯ , ψ
′
A := VA
pψ′p ,
γA := V Apγ
p , γ¯A := V¯ Ap¯γ¯
p¯ ,
(A.16)
such that
V¯ Ap¯ψA = ψp¯ , V
A
pψ
′
A = ψ
′
p ,
V ApψA = 0 , V¯
A
p¯ψ
′
A = 0 ,{
γA, γB
}
= 2PAB ,
{
γ¯A, γ¯B
}
= 2P¯AB .
(A.17)
A.2 Semi-covariant derivatives
For each of the DFT gauge symmetry in Table 1, we assign a corresponding connection,
• ΓA for the double-gauge symmetry,
• ΦA for the ‘unbarred’ local Lorentz symmetry, Spin(1,D−1)L,
• Φ¯A for the ‘barred’ local Lorentz symmetry, Spin(D−1, 1)R .
Combining all of them, we employ the master semi-covariant derivative [24],
DA = ∂A + ΓA +ΦA + Φ¯A . (A.18)
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It is also useful to set
∇A = ∂A + ΓA , DA = ∂A +ΦA + Φ¯A , (A.19)
of which the former is the semi-covariant derivative for the double-gauge symmetry [22, 23],
∇CTA1A2···An := ∂CTA1A2···An − ωT ΓBBCTA1A2···An +
n∑
i=1
ΓCAi
BTA1···Ai−1BAi+1···An . (A.20)
And the latter is the covariant derivative for the pair of local Lorentz symmetries, yet being semi-covariant
under the double-gauge symmetry [24].
Firstly, the master semi-covariant derivative is compatible with all the constant metrics,
DAJBC = ∇AJBC = ΓABDJDC + ΓACDJBD = 0 ,
DAηpq = DAηpq = ΦAprηrq +ΦAqrηpr = 0 ,
DAη¯p¯q¯ = DAη¯p¯q¯ = Φ¯Ap¯r¯η¯r¯q¯ + Φ¯Aq¯r¯η¯p¯r¯ = 0 ,
DAC+αβ = DAC+αβ = ΦAαδC+δβ +ΦAβδC+αδ = 0 ,
DAC¯+α¯β¯ = DAC¯+α¯β¯ = Φ¯Aα¯δ¯C¯+δ¯β¯ + Φ¯Aβ¯δ¯C¯+α¯δ¯ = 0 ,
(A.21)
and also with all the gamma matrices,
DA(γp)αβ = DA(γp)αβ = ΦApq(γq)αβ +ΦAαδ(γp)δβ − (γp)αδΦAδβ = 0 ,
DA(γ¯p¯)α¯β¯ = DA(γ¯p¯)α¯β¯ = Φ¯Ap¯q¯(γ¯ q¯)α¯β¯ + Φ¯Aα¯δ¯(γ¯p¯)δ¯ β¯ − (γ¯p¯)α¯δ¯Φ¯Aδ¯β¯ = 0 .
(A.22)
It follows then that the connections are all anti-symmetric,
ΓABC = −ΓACB , (A.23)
ΦApq = −ΦAqp , Φ¯Ap¯q¯ = −Φ¯Aq¯p¯ , (A.24)
ΦAαβ = −ΦAβα , Φ¯Aα¯β¯ = −Φ¯Aβ¯α¯ , (A.25)
and as usual,
ΦA
α
β =
1
4ΦApq(γ
pq)αβ , Φ¯A
α¯
β¯ =
1
4Φ¯Ap¯q¯(γ¯
p¯q¯)α¯β¯ . (A.26)
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Secondly, the master semi-covariant derivative annihilates all the NS-NS fields,
DAd = ∇Ad := −12e2d∇A(e−2d) = ∂Ad+ 12ΓBBA = 0 ,
DAVBp = ∂AVBp + ΓABCVCp +ΦApqVBq = 0 ,
DAV¯Bp¯ = ∂AV¯Bp¯ + ΓABC V¯Cp¯ + Φ¯Ap¯q¯V¯Bq¯ = 0 .
(A.27)
It follows that
DAPBC = ∇APBC = 0 , DAP¯BC = ∇AP¯BC = 0 , (A.28)
and the connections are related to each other by
ΓABC = VB
pDAVCp + V¯B
p¯DAV¯Cp¯ ,
ΦApq = V
B
p∇AVBq ,
Φ¯Ap¯q¯ = V¯
B
p¯∇AV¯Bq¯ .
(A.29)
The connections assume the following most general forms [25],
ΓCAB = Γ
0
CAB +∆CpqVA
pVB
q + ∆¯Cp¯q¯V¯A
p¯V¯B
q¯ ,
ΦApq = Φ
0
Apq +∆Apq ,
Φ¯Ap¯q¯ = Φ¯
0
Ap¯q¯ + ∆¯Ap¯q¯ .
(A.30)
Here, from [23],6
Γ0CAB = 2
(
P∂CPP¯
)
[AB]
+ 2
(
P¯[A
DP¯B]
E − P[ADPB]E
)
∂DPEC
− 4D−1
(
P¯C[AP¯B]
D + PC[APB]
D
)(
∂Dd+ (P∂
EPP¯ )[ED]
)
,
(A.31)
and, in terms of this, with the corresponding derivative, ∇0A = ∂A + Γ0A,
Φ0Apq = V
B
p∇0AVBq = V Bp∂AVBq + Γ0ABCV BpV Cq ,
Φ¯0Ap¯q¯ = V¯
B
p¯∇0AV¯Bq¯ = V¯ Bp¯∂AV¯Bq¯ + Γ0ABC V¯ Bp¯V¯ Cq¯ .
(A.32)
6For a recent rederivation of the connection (A.31) and related discussion, see [28].
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Further, the extra pieces, ∆Apq and ∆¯Ap¯q¯, correspond to the ‘torsion’ of SDFT, which must be covariant
and satisfy [25]
∆Apq = −∆Aqp , ∆¯Ap¯q¯ = −∆¯Aq¯p¯ ,
∆ApqV
Ap = 0 , ∆¯Ap¯q¯V¯
Ap¯ = 0 .
(A.33)
Otherwise they are arbitrary. That is to say, with (A.31), (A.32), (A.33), the connections in (A.30) provide
the most general solution to the constraints, (A.21), (A.22) and (A.27). Note that, the latter two ‘traceless’
conditions in (A.33) are necessary in order to maintain DAd = 0. As is the case in ordinary supergravi-
ties, the torsion can be constructed from the bi-spinorial objects. We refer to our earlier work [25] for the
torsions in the case of N = 1 D = 10 SDFT.
The torsionless connection, Γ0ABC (A.31), further obeys [23, 24],
Γ0ABC + Γ
0
BCA + Γ
0
CAB = 0 , (A.34)
and
PCABDEFΓ0DEF = 0 , P¯CABDEFΓ0DEF = 0 . (A.35)
In fact, the torsionless connection, Γ0ABC (A.31), is the unique connection which satisfies these extra prop-
erties: enforcing (A.34) and (A.35) on the generic connection, ΓABC (A.30), would eliminate the torsion,
and hence reduce ΓABC to Γ0ABC .
The two symmetric properties of the torsionless connection, (A.23) and (A.34), enable us to replace
the ordinary derivatives in the definition of the generalized Lie derivative (1.3) by the torsion free semi-
covariant derivative, ∇0A = ∂A + Γ0A [23, 24]. In a way, the torsionless connection, Γ0ABC (A.31), is the
DFT analogy of the Christoffel connection in Riemannian geometry.
It is also worth while to note, upon the section condition (1.2),
PI
AP¯J
BΓCAB∂C ≃ 0 . (A.36)
The usual field strengths of the three connections,
RCDAB = ∂AΓBCD − ∂BΓACD + ΓACEΓBED − ΓBCEΓAED ,
FABpq = ∂AΦBpq − ∂BΦApq +ΦAprΦBrq −ΦBprΦArq ,
F¯ABp¯q¯ = ∂AΦ¯Bp¯q¯ − ∂BΦ¯Ap¯q¯ + Φ¯Ap¯r¯Φ¯Br¯q¯ − Φ¯Bp¯r¯Φ¯Ar¯q¯ ,
(A.37)
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are, from [DA,DB ]VCp = 0 and [DA,DB ]V¯Cp¯ = 0, related to each other through
RABCD = FCDpqVA
pVB
q + F¯CDp¯q¯V¯A
p¯V¯B
q¯ . (A.38)
It follows then that
RABCD = R[AB][CD] , PA
I P¯B
JRIJCD = 0 . (A.39)
However, none of the field strengths in (A.37) is double-gauge covariant [23].
In order to construct DFT covariant curvature tensors, it is necessary to first define [23],
SABCD :=
1
2
(
RABCD +RCDAB − ΓEABΓECD
)
. (A.40)
This rank-four field satisfies, precisely the same symmetric properties as the Riemann curvature,
SABCD =
1
2
(
S[AB][CD] + S[CD][AB]
)
, (A.41)
as well as an additional identity [25],
PI
AP¯J
BPK
CP¯L
DSABCD ≃ 0 . (A.42)
The latter holds up to the section condition (1.2) and further implies
PACP¯BDSABCD = −12PACP¯BDΓEABΓECD ≃ 0 . (A.43)
Another crucial property of SABCD is that, under arbitrary variation of the connection, δΓABC , it trans-
forms as
δSABCD = D[AδΓB]CD +D[CδΓD]AB − 32Γ[ABE]δΓECD − 32Γ[CDE]δΓEAB . (A.44)
Further, from (A.30), if we write
ΓABC = Γ
0
ABC + ΛABC , ΛABC = ∆ApqVB
pVC
q + ∆¯Ap¯q¯V¯B
p¯V¯C
q¯ , (A.45)
we get
SABCD = S
0
ABCD +D0[AΛB]CD +D0[CΛD]AB + ΛD[AEΛ|C|B]E + ΛB[CEΛ|A|D]E − 12ΛEABΛECD .
(A.46)
Consequently, with
SAB := S
C
ACB , (A.47)
we also obtain7
S0AB = SAB +DCΛ(AB)C + 12ΛCADΛCBD − ΛCADΛDBC . (A.48)
7Note that, in contrast to (A.46), we have organized the right hand side of the equality in (A.48) as torsionful objects.
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Especially for the torsion free case, we have in addition to (A.41) and (A.42) [23]
PI
APJ
BP¯K
C P¯L
DS0ABCD ≃ 0 ,
PI
AP¯J
C(PBD − P¯BD)S0ABCD ≃ 0 ,
S0AA ≃ 0 ,
(PABPCD + P¯ABP¯CD)S0ACBD ≃ 0 ,
S0ABCD + S
0
BCAD + S
0
CABD = 0 : Bianchi identitiy ,
(A.49)
and the relation (A.44) reduces to
δS0ABCD = D0[AδΓ0B]CD +D0[CδΓ0D]AB . (A.50)
The variation of the torsionless connection ought to be induced by the (arbitrary) variations of the projec-
tions and the DFT-dilaton [23],
δΓ0CAB = 2P
D
[A P¯
E
B]∇0CδPDE + 2(P¯ D[A P¯ EB] − P D[A P EB] )∇0DδPEC
− 4D−1(P¯C[AP¯ DB] + PC[AP DB] )(∂Dδd+ PE[G∇0GδPED])
−Γ0FDE δ(P + P¯)CABFDE ,
(A.51)
where the variations of the projections meet [22]
δP = PδP P¯ + P¯ δPP , δP¯ = PδP¯ P¯ + P¯ δP¯ P , δP = −δP¯ , (A.52)
and may be generated by those of the double-vielbein,
δPAB = VB
pδVAp + VA
pδVBp , δP¯AB = V¯B
p¯δV¯Ap¯ + V¯A
p¯δV¯Bp¯ . (A.53)
Further, the arbitrary variations of the double-vielbein satisfy
δVAp = P¯A
BδVBp + VA
qδVB[pV
B
q] , δV¯Ap¯ = PA
BδV¯Bp¯ + V¯A
q¯δV¯B[p¯V¯
B
q¯] , (A.54)
and the generic torsionful spin connections transform as
δΦApq = DA(V BpδVBq) + V BpV CqδΓABC ,
δΦ¯Ap¯q¯ = DA(V¯ Bp¯δV¯Bq¯) + V¯ Bp¯V¯ Cq¯δΓABC ,
(A.55)
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and the gravitinos vary as
δψA =
(
δψp¯ + ψq¯δV¯B
q¯V¯ Bp¯
)
V¯A
p¯ − ψBδV BpVAp ,
δψ′A =
(
δψ′p + ψ′qδVBqV Bp
)
VA
p − ψ′BδV¯ Bp¯V¯Ap¯ .
(A.56)
A.3 Projection-aided covariant derivatives and covariant curvatures
Under double-gauge transformations, the connection and the semi-covariant derivative transform as
(δX−LˆX)ΓCAB ≃ 2
[
(P+P¯)CABFDE − δ FC δ DA δ EB
]
∂F∂[DXE] ,
(δX−LˆX)∇CTA1···An ≃
n∑
i=1
2(P+P¯)CAiBFDE∂F∂[DXE]TA1···Ai−1BAi+1···An .
(A.57)
Hence, the semi-covariant derivative is not generically double-gauge covariant.8 We say, a tensor is double-
gauge covariant if and only if its double-gauge transformation agrees with the generalized Lie derivative,
i.e. ‘ δX ≃ LˆX ’.
Similarly, while the derivative DA = ∂A + ΦA + Φ¯A (A.19) is Spin(1,D−1)L × Spin(D−1, 1)R
local Lorentz covariant, it is not double-gauge covariant, since
(δX − LˆX)ΦApq ≃ 2PABCDEF∂D∂[EXF ]V BpV Cq ,
(δX − LˆX)Φ¯Ap¯q¯ ≃ 2P¯ABCDEF∂D∂[EXF ]V¯ Bp¯V¯ Cq¯ .
(A.58)
Also from
(δX − LˆX)S0ABCD ≃ 2D0[A
(
(P+P¯)B][CD]EFG∂E∂[FXG]
)
+ 2D0[C
(
(P+P¯)D][AB]EFG∂E∂[FXG]
)
,
(A.59)
we see that S0ABCD is not double-gauge covariant as well.
However, the characteristic feature of the ‘semi-covariant’ derivative is that —as the name indicates—
combined with the projections, it can generate various fully covariant quantities, with respect to double-
gauge, Spin(1,D−1)L × Spin(D−1, 1)R double local Lorentz and O(D,D) symmetries.
8Nevertheless exceptionally, Eqs.(A.21, A.22, A.27, A.28, A.34, A.35) are double-gauge covariant. This fact is consistent
with the uniqueness of the torsionless connection and the covariant property of the torsion.
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We write down (projected) parts of spin connections which are double-gauge covariant [23, 24],
P¯A
BΦBpq , PA
BΦ¯Bp¯q¯ , ΦA[pqV
A
r] , Φ¯A[p¯q¯V¯
A
r¯] , ΦApqV
Ap , Φ¯Ap¯q¯V¯
Ap¯ . (A.60)
From these, fully covariant quantities follow.
• Covariant derivatives for O(D,D) tensors [23]:
PC
DP¯A1
B1P¯A2
B2 · · · P¯AnBn∇DTB1B2···Bn ,
P¯C
DPA1
B1PA2
B2 · · ·PAnBn∇DTB1B2···Bn ,
PABP¯C1
D1P¯C2
D2 · · · P¯CnDn∇ATBD1D2···Dn ,
P¯ABPC1
D1PC2
D2 · · ·PCnDn∇ATBD1D2···Dn ,
PABP¯C1
D1P¯C2
D2 · · · P¯CnDn∇A∇BTD1D2···Dn ,
P¯ABPC1
D1PC2
D2 · · ·PCnDn∇A∇BTD1D2···Dn .
(A.61)
• Covariant derivatives for Spin(1,D−1)L × Spin(D−1, 1)R tensors:
DpTq¯1q¯2···q¯n , Dp¯Tq1q2···qn ,
DpTpq¯1q¯2···q¯n , Dp¯Tp¯q1q2···qn ,
DpDpTq¯1q¯2···q¯n , Dp¯Dp¯Tq1q2···qn ,
(A.62)
where we set
Dp := V ApDA , Dp¯ := V¯ Ap¯DA . (A.63)
These are simply the pull-back of the chiral and anti-chiral O(D,D) vector indices in (A.61) to the
Spin(1,D−1)L and Spin(D−1, 1)R vector indices using the double-vielbeins.
• Covariant Dirac operators for fermions, ρα, ψαp¯ , ρ′α¯, ψ′α¯p [24, 25]:
γpDpρ = γADAρ , γpDpψp¯ = γADAψp¯ ,
Dp¯ρ , Dp¯ψp¯ = DAψA ,
ψ¯Aγp(DAψq¯ − 12Dq¯ψA) ,
(A.64)
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and9
γ¯p¯Dp¯ρ′ = γ¯ADAρ′ , γ¯p¯Dp¯ψ′p = γ¯ADAψ′p ,
Dpρ′ , Dpψ′p = DAψ′A ,
ψ¯′Aγ¯p¯(DAψ′q − 12Dqψ′A) .
(A.65)
• Covariant derivatives for Spin(1,D−1)L × Spin(D−1, 1)R bi-fundamental spinor, T αβ¯ :
γADAT , DAT γ¯A . (A.66)
These are new results we report in this paper. Combining the two, we further define
D+T := γADAT + γ(D+1)DAT γ¯A ,
D−T := γADAT − γ(D+1)DAT γ¯A .
(A.67)
As shown in section 2.2, for the torsion free case, the corresponding operators are nilpotent, up to
the section condition (1.2),
(D0+)2T ≃ 0 , (D0−)2T ≃ 0 , (A.68)
and hence, they define cohomology.
It is worth while to note
D±(γ(D+1)T ) = −γ(D+1)D∓T , D±(T γ¯(D+1)) = (D∓T )γ¯(D+1) . (A.69)
9Writing explicitly,
DAψp¯ = (∂A +
1
4
ΦApqγ
pq)ψp¯ + Φ¯Ap¯
q¯ψq¯ , DAψB = (∂A +
1
4
ΦApqγ
pq)ψB + ΓAB
CψC ,
DAψ
′
p = (∂A +
1
4
Φ¯Ap¯q¯γ¯
p¯q¯)ψ′p +ΦAp
qψ′q , DAψ
′
B = (∂A +
1
4
Φ¯Ap¯q¯γ¯
p¯q¯)ψ′B + ΓAB
Cψ′C .
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• Covariant curvatures [23, 25]:
Scalar curvatures,
PABPCDSACBD , P¯
ABP¯CDSACBD , P
ABSAB , P¯
ABSAB , (A.70)
and a rank-two curvature,
Spq¯ +
1
2Dr¯∆¯pq¯r¯ + 12Dr∆q¯pr , (A.71)
where we set
Spq¯ := V
A
pV¯
B
q¯SAB . (A.72)
We emphasize that —while S0pq¯ is covariant for the torsionless connection— if nontrivial torsion is
present, Spq¯ alone is not covariant: the full expression in Eq.(A.71) is called upon as for a covariant
quantity.10
It is worth while to note, up to the section condition (1.2),
PABPCDSACBD ≃ PABSAB ,
P¯ABP¯CDSACBD ≃ P¯ABSAB .
(A.73)
Further, in the torsion free case, all the scalar curvatures are equivalent as
PABPCDS0ACBD ≃ PABS0AB ≃ −P¯ABP¯CDS0ACBD ≃ −P¯ABS0AB . (A.74)
While any of them may constitute the DFT Lagrangian for the NS-NS sector [23, 25], only the fol-
lowing combination allows for the 1.5 formalism to work in supersymmetric double field theory [25],
LNSNS = 18e−2d(PABPCD − P¯ABP¯CD)SACBD . (A.75)
A.4 Reduction to Riemannian geometry in D dimension
Assuming that the upper half blocks are non-degenerate, the double-vielbein satisfying the defining prop-
erties (A.7) takes the following most general form [23],
VAp =
1√
2

 (e
−1)pµ
(B + e)νp

 , V¯Ap¯ = 1√2

 (e¯
−1)p¯µ
(B + e¯)νp¯

 . (A.76)
10For example, see the equations of motion inN = 1 SDFT [25].
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Here eµp and e¯ν p¯ are two copies of the D-dimensional vielbein corresponding to the same spacetime
metric,
eµ
peν
qηpq = −e¯µp¯e¯ν q¯η¯p¯q¯ = gµν , (A.77)
and Bµν corresponds to the Kalb-Ramond two-form gauge field. We also set in (A.76),
Bµp = Bµν(e
−1)pν , Bµp¯ = Bµν(e¯−1)p¯ν . (A.78)
It is worth while to note that, (e¯−1e)p¯p and (e−1e¯)pp¯ are local Lorentz transformations, such that
(e¯−1e)p¯p(e¯−1e)q¯qηpq = −η¯p¯q¯ , (e−1e¯)pp¯(e−1e¯)qq¯η¯p¯q¯ = −ηpq . (A.79)
Instead of (A.76), we may choose the following alternative parametrization,
VA
p = 1√
2

 (β + e˜)
µp
(e˜−1)pν

 , V¯Ap¯ = 1√2

 (β + ¯˜e)
µp
(¯˜e−1)pν

 , (A.80)
with
βµp = βµν(e˜−1)pν , βµp¯ = βµν(¯˜e−1)pν . (A.81)
Physically, e˜µp and ¯˜eµp¯ correspond to a pair of T-dual vielbeins, such that both give rise to the winding
mode spacetime metric,
e˜µpe˜
ν
qη
pq = −¯˜eµp¯ ¯˜eν q¯ηp¯q¯ = (g −Bg−1B)−1µν . (A.82)
Note that, in the winding mode sector, the D-dimensional curved spacetime indices are all upside-down,
such as x˜µ, e˜µp, ¯˜eµp¯, βµν (cf. xµ, eµp, e¯µp¯, Bµν ).
In connection to the section condition, ∂A∂A ≃ 0 (1.2), the former parametrization (A.76) matches
well with the choice, ∂∂x˜µ ≃ 0, while the latter is natural when ∂∂xµ ≃ 0. Yet if we consider dimensional
reductions from D to lower dimensions, there is no longer preferred parametrization. For related discus-
sions we refer to [40–42, 53–56].
Henceforth we restrict ourselves to the parametrization (A.76) and to the section choice,11
∂
∂x˜µ
≃ 0 . (A.83)
11This restriction reduces our O(D,D) covariant stringy differential geometry to the generalized geometry.
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In analogy to the DFT master semi-covariant derivative, DA (A.18), we consider a genuinely D-
dimensional master derivative [23],
Dµ = ▽µ + ωµ + ω¯µ , (A.84)
which is covariant with respect to the D-dimensional diffeomorphism and the pair of local Lorentz groups,
Spin(1,D−1)L×Spin(D−1, 1)R , as▽µ denotes the standard D-dimensional diffeomorphism covariant
derivative, while ωµ and ω¯µ correspond to the spin connections of the local Lorentz groups, Spin(1,D−1)L
and Spin(D−1, 1)R respectively. Yet, it is not O(D,D) covariant.
It satisfies
Dλgµν = ▽λgµν = 0 , Dµeνm = 0 , Dµe¯νn¯ = 0 , (A.85)
and hence, as in (A.29), the D-dimensional spin connections are determined by
ωµmn= (e
−1)mν▽µeνn , ω¯µm¯n¯= (e¯−1)m¯ν▽µe¯νn¯ . (A.86)
For the diffeomorphism covariant derivative, ▽µ, we assume the torsionless Christoffel connection,{
µ
λ
ν
}
= 12g
λκ (∂µgκν + ∂νgµκ − ∂κgµν) . (A.87)
In terms of the parametrization of the double-vielbein (A.76), the projection-aided covariant spin connec-
tions in Eq.(A.60) read explicitly for the torsionless connection,
√
2V¯ Ap¯Φ
0
Aqr ≃ e¯µp¯ωµqr + 12Hp¯qr ,
√
2V ApΦ¯
0
Aq¯r¯ ≃ eµpω¯µq¯r¯ + 12Hpq¯r¯ ,
√
2Φ0A[pqV
A
r] ≃ ωµ[pqeµr] + 16Hpqr ,
√
2Φ¯0A[p¯q¯V¯
A
r¯] ≃ ω¯µ[p¯q¯ e¯µr¯] + 16Hp¯q¯r¯ ,
√
2V ApΦ0Apq ≃ eµpωµpq − 2∂qφ ,
√
2V¯ Ap¯Φ¯0Ap¯q¯ ≃ e¯µp¯ω¯µp¯q¯ − 2∂q¯φ .
(A.88)
Clearly, these are diffeomorphism and B-field gauge symmetry covariant, and hence, as asserted, double-
gauge covariant. Using the results, we may express all the fully covariant derivatives in section A.3 in
terms of the usual D-dimensional Riemannian terminology [23, 24]. For example, for the fermions, ρα,
ψαp¯ , we get
√
2γAD0Aρ ≃ γm
(
∂mρ+
1
4ωmnpγ
npρ+ 124Hmnpγ
npρ− ∂mφρ
)
,
√
2γAD0Aψp¯ ≃ γm
(
∂mψp¯ +
1
4ωmnpγ
npψp¯ + ω¯mp¯q¯ψ
q¯ + 124Hmnpγ
npψp¯ +
1
2Hmp¯q¯ψ
q¯ − ∂mφψp¯
)
,
√
2V¯ Ap¯D0Aρ ≃ ∂p¯ρ+ 14ωp¯qrγqrρ+ 18Hp¯qrγqrρ ,
√
2D0AψA ≃ ∂p¯ψp¯ + 14ωp¯qrγqrψp¯ + ω¯p¯p¯q¯ψq¯ + 18Hp¯qrγqrψp¯ − 2∂p¯φψp¯ ,
(A.89)
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and for the other fermions, ρ′α¯, ψ′α¯p , which are in the opposite Spin(1,D−1)L × Spin(D−1, 1)R repre-
sentations, we have
√
2γ¯AD0Aρ′ ≃ γ¯m¯
(
∂m¯ρ+
1
4 ω¯m¯n¯p¯γ¯
n¯p¯ρ′ + 124Hm¯n¯p¯γ¯
n¯p¯ρ′ − ∂m¯φρ′
)
,
√
2γ¯AD0Aψ′p ≃ γ¯m¯
(
∂m¯ψ
′
p +
1
4 ω¯m¯n¯p¯γ¯
n¯p¯ψ′p + ωm¯pqψ′q +
1
24Hm¯n¯p¯γ¯
n¯p¯ψ′p +
1
2Hm¯pqψ
′q − ∂m¯φψ′p
)
,
√
2V ApD0Aρ′ ≃ ∂pρ′ + 14 ω¯pq¯r¯γ¯ q¯r¯ρ′ + 18Hpq¯r¯γ¯ q¯r¯ρ′ ,
√
2D0Aψ′A ≃ ∂pψ′p + 14 ω¯pq¯r¯γ¯ q¯r¯ψ′p + ωppqψ′q + 18Hpq¯r¯γ q¯r¯ψ′p − 2∂pφψ′p .
(A.90)
Here, for simplicity, we set ∂p = (e−1)pµ∂µ, ∂p¯ = (e¯−1)p¯µ∂µ, etc.
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